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SUMMARY 
A q u a d r i l a t e r a l  s h e l l  element, CQUAD4*, has been added t o  l e v e l  15.5 
and subsequently t o  l e v e l  16.0 o f  NASTRAN. The element e x h i b i t s  doubly- 
curved surfaces and uses b i -quadra t i c  i n t e r p o l a t i o n  func t ions .  Reduced 
i n t e g r a t i o n  techniques are used t o  improve t h e  performance o f  the element 
i n  t h i n - s h e l l  problems, Several d e t a i  1 s o f  previous authors ' ( r e f .  I) 
work are  c l a r i f i e d  w i t h  respect  t o  t he  present  NASTRAN imp1 ementati on. 
The c r e a t i o n  o f  several new b u l k  data i tems i s  discussed along w i t h  a 
specia l  module, GPNORM, Lo process SHLNORM b u l k  data cards. I n  a d d i t i o n  
t o  the  t h e o r e t i c a l  bas is  f o r  the  element s t i f f n e s s  ma t r i x ,  cons i s ten t  mass 
and load matr ices are presented. 
Several p o t e n t i a l  sources o f  degenerate behavior o f  t h e  element are 
inves t iga ted .  Guidel ines f o r  proper use o f  t he  element are suggested. 
Performance o f  the  element on severa l  widely-publ ished c l a s s i c a l  examples 
i s  demonstrated. The r e s u l t s  show a s i g n i f i c a n t  improvement over pre- 
sen t l y  a v a i l a b l e  NASTRAN s h e l l  elements f o r  even the coarsest  meshes. 
Potent ia l  app l i ca t i ons  t o  two classes o f  p r a c t i c a l  problems are discussed. 
INTRODUCTION 
Unt i  1 recent ly ,  on l y  t he  CQUAD2 and i t s  analog CTRIA2  were a v a i l a b l e  
i n  NASTRAN f o r  analyz ing s h e l l s  o f  a r b i t r a r y  geometry. Compared t o  
cu r ren t  s h e l l  element technology, these elements a re  sub jec t  t o  t h e  
fo l l ow ing  1 im i ta t i ons :  
o Faceted ( f l a t )  surface geometry i s  poo r l y  adapted t o  model 
curved shapes. 
* Af ter  t h T i n i t i a 1  implementation o f  t he  new element was completed, the  
s ~ t h o r s  became aware o f  a s i m i l a r  p r o p r i e t a r y  element under develop- 
ment by the  !-IacNeal-Schwendler Corporat ion which used t h e  name CQUAD4. 
The reader should take care no t  t o  confuse these two  i d e n t i c a l l y  
named elements, s ince it is our understanding t h a t  the f o rmu la t i on  
and performance are q u i t e  d i f f e r e n t .  
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o Lower order polynomials  used i n  membrane formulat ion cause 
3  on. element t o  be excess ive ly  s t i f f  f o r  in -p lane deform t' 
o Whfle the  enforced l i n e a r  v a r i a t i o n  o f  the normal slope along 
t h e  s ides o f  the element guarantees in te re lement  compati b i  1 i t y  , 
it causes t h e  bending behavior o f  t he  element t o  be q u i t e  
s t i f f  as w e l l .  
o I n  problems e x h i b i t i n g  t h i c k  s h e l l  and/or three-dimensional 
behavior  aver c e r t a i n  regions, the CQUAD2 element i s  an 
inadequate model and i s  d i f f i c u l t  t o  i n t e r f a c e  w i t h  th ree  
dimensional elements. 
To a l l e v i a t e  these problems development work on t h e  present  (CQUAD4) 
element was begun w i t h  t h e  i n t e n t i o n  o f  implementing i t  i n  NASTRAN 
Leve l  15.5, The e f fo r t s  were p a r t i a l  1y successful  b u t  f u l l  implementation 
was not  achieved u n t i l  NASTRAN Level 16.0 became a v a i l a b l e  l a s t  year. 
The choice o f  the  element was p r i m a r i l y  in f luenced by the need t o  
accurately represent  curved surfaces as w e l l  as t h i c k  shel1/3-0 behavior. 
Such extremely accurate elements as Cowper's ( r e f .  2) and Dupuis' 
( r e f .  3) were re jec ted  due t o  the  present  authors '  preference t o  adhere 
t o  the standard s i x  degrees of freedom (dof) p r e f e r r e d  by the m a j o r i t y  
o f  the user community, Al though the t h e o r e t i c a l  development has o f t e n  
been presented elsewhere ( r e f s .  1, 4, 5, 6,  7, and 8), we choose t o  
repeat enough o f  t he  development t o  c l a r i f y  c e r t a i n  issues which caused 
d i f f i c u l t y  i n  t h e  p resen t  imp1 ementation. 
SYMBO t S  (Scalars)  
Values a re  g iven  i n  bo th  SI and U. S. Customary bn I ts .  The 
measurements and c a l c u l a t i o n s  were made i n  U.S. Customary 
Un i t s .  
a, b P la te  edge dimensions 
0 She1 1  f l e x u r a l  r i g i d i t y  [Et3/12(1-v2)]  
E E l a s t i c  modulus 
Slit !Ipi, Components o f  i n t e r p o l a t i o n  d e r i v a t i v e  a r rays  
93 i  h3 i  
k Shear c o r r e c t i o n  f a c t o r  
L S t ruc tu re  l e n g t h  dimension 
Ni ( 5 ,  0 ,  [) l n t e r p o l a t - i o n  f u n c t i o n  f o r  node i 
P  Constant p ressure  lcad on element 
P Concentrated 1 oatl ~nagni  tude  
9 Displacement v a l  ue 
R Mean ( m i  dsur face)  r a d i  us 
ti Thickness a t  node i 
U 1  V ,  W T r a n s l a t i o n a l  displacements a t  a  p a i n t  i n  b a s i c  coord ina te  
system 
U '  , v '  , W '  T r a n s l a t i o n a l  displacements a t  a p o i n t  i n  l o c a l  coord ina te  
system 
u v w  i t i1 7 T r a n s l a t i o n a l  displscement; a t  node i 
i i Components o f  u n i t  v e c t o r  d e f i n i n g  l o c a l  x a x i s  a t  node i 
"1%' vlyl v l z  
i 
v l z  Components o f  u n i t  v e c t o r  d e f i n i n g  l o c a l  y a x i s  a t  node i 
"2x' v2y '  
i i Components o f  t h e  s h e l l  normal a t  node 1 v3x' "3y' v3z 
x ' ,  y', z 1  
Basic  c a r t e s i  an coord ina te  v a r i a b l e s  
Local c a r t e s i a n  coo rd ina te  v a r i a b l e s  
Basic  c a r t e s i a n  coord ina tes  a t  node i 
Rota t i ona l  displacements a t  node i 
Shear ing s t r a i n  components i n  l o c a l  coo rd ina te  system 
D i r e c t  s t r a i n  components i n  l o c a l  coo rd ina te  system 
Poisson 's  r a t i o  
Natural frequency o f  s t r u c t u r e  
C u r v i l i n e a r  coord ina te  v a r i a b l e s  
C u r v i l i n e a r  coo rd ina te  a t  node i 
D i r e c t  s t r e s s  components i n  loca l  coo rd ina te  system 
Sheari ng s t r e s s  components i n 1 ocal  coo rd i  na te  system 
Component of t r ans fo rma t i on  m a t r i x  
Mass densi ty  p e r  u n i t  volume 
SYMBOLS (Mat r i ces  and Vectors)  
[ ALPHAT] Diagonal m a t r i x  of nodal th icknesses t imes  l o c a l  x r o t a t i o n  
[ B ETAT] Diagonal m a t r i x  of nodal t t l i cknesses t imes  l o c a l  y r o t a t i o n  
[ B ' ]  S t r a i  n-d i  s p l  acement re1 a t i  on referenced t o  1 ocal coord inates 
Pi ' 1 S t r a i  n-d i  spl  acernent r e1  a t i o n  p e r t a i  n i  ng t o  node i 
[ D E LTAT] Array o f  trans1 a t i  onal d i  spl acemet~ts a t  nodes 
[ D '  1 C o n s t i t u t i v e  r e 1  a t i o n  i n  l o c a l  coo rd ina te  system 
? Cons is ten t  l o a d  vec to r  f o r  element 
[Gi 1 D e r i v a t i v e  array t ransformed t o  l o c a l  coord ina tes  
[ H i ]  D e r i v a t i v e  a r r a y  transformed t o  1 oca l  coc , -di  nates per- 
t a i n i n g  t o  a/a( opera to r  
1 51 Jacobian m a t r i x  r e l a t i n g  (x,  y ,  z) and (<, q ,  c) systems 
[ Kl Element s t i f f n e s s  m a t r i x  referenced t o  bas i c  coord ina tes  
[MI Element mass m a t r i x  re ferenced t o  bas i c  coord ina tes  
T h i r d  row of Jacobian - I n t e r p o l a t e d  va lue  of nodal normals 
fi Vector  of nodal i n t e r p o l a t i o n  f u n c t i o n s  
[i] Array of nodal i n t e r p o l a t i o n  f u n c t i o n s  
F i r s t  row o f  Jacobian - vec to r  tangent  t o  sur face  
[ = cons t  
Second row o f  Jasobian - v e c t o r  tangent t o  sur face  
[ = cons t  
+ 
s U n i t  v e c t o r  tangent  t o  sur face  5 = const ,  d e f i n i n g  l o c a l  x '  a x i  s 
+ 
" t U n i t  vec to r  tangent  t o  su r f ace  ( = cons t ,  d e f i n i n g  l o c a l  y '  a x i  s 
* 
v  
n  Unit vec to r  normal t o  sur face  p = cons t ,  d e f i n i n g  local z' ax i s  
+ 3 + 
Vli 9 VZi , V3i U n i t  vec to r s  d e f i n i n g  l o c a l  rangent  coord ina tes  a t  node i 
V e c t o r s  de f in ing  t h e  coordinate system for nodal rotations 
Array o f  local x direction v e c t o r s  at nodes 
Array o f  local y direction vectors at nodes 
Array of shell normals a t  nodes 
A I - : L ~  of nodal coordinates 
Displacement dof at node i 
Col 1 ecti on of nodal d i  spl acement ver tors 
S t r a i n  components i n  local coordinates 
Local/gl obal transformati on matr ix  (d i  r e c t i o n  cosines) 
Stress components in local  coordinates 
Transformation from ( x i ,  y ' ,  z ' )  system t o  (c,  q, c) 
system 
D i  f ferenti a1 operator mat r i x  f o r  computing s t r a i n s  
THE S I F F N E S S  MATRIX 
B a s i c  Assumptions 
F igure  1 shows the geomet:*y o f  a t y p i c a l  element. The c u r v i l i n e a r  
coord ina te  system (t, q, 5 )  i s  used where and q 1 i e i n  the  midd le  
sur face of t h e  element w h i l e  [ i s  d i r e c t e d  through t h e  th ickness.  Each 
o f  these coord ina tes  i s  a l l owed  t o  va ry  f r o m  -1 t o  +I on oppos i te  faces 
o f  the element. We adopt t h e  customary assumption o f  s h e l l  t heo ry  t h a t  
t h e  s t r a i n  component ( e Z ,  ,, ) i n  t h e  t h i ckness  d i r e c t i o n  i s  neglected 
compared t o  t h e  o the r  s t r a i n s .  The i n p u t  i tems d e s c r i b i n g  t h e  element 
geometry i n c l u d e  t he  bas i c  coord ina tes  a t  each of t h e  e i g h t  mid-sur face 
nodes ( G R I D  cards)  p l u s  t h e  vec to r s  normal t o  t h a t  su r f ace  a t  each node 
(SHLNORM cards).  The l e n g t h  of  each normal vec to r  i s  taken t o  be t h e  
th ickness  a t  t h a t  node. The t h i ckness  i s  i n t e r p o l a t e d  q u a d - a t i c a l l y  over  
t h e  element. A t  p resen t  o n l y  homogeneous, i s o t r o p i c ,  m a t e r ~ a l s  (MAT1 
cards) a re  al lowed. The element i s  n o t  a v a i l a b l e  f o r  hea t  t r a n s f e r  
problems no r  are thermal 1  oad vec to rs  c a l  cu1 ated. 
I n t e r p o l  a t i o n  Funct ions 
The nodal coord inates a re  r e l a t e d  t o  t h e  bas i c  coord ina tes  by t h e  
equat ion: 
where 
A = < N ,  N p  . . . .  
D e t a i l s  of the b i q u a d r a t i c  i n t e r p o l a t i o n  f u n c t i o n s  ( N i )  and t h e i r  de r i va -  
t i v e s  a re  g i v e n  i n  Appendix A. 
Thp t r a n s l a t i o n a l  displacements are  chosen as u, v ,  and w f n  t h e  x ,  
y ,  and z d i rec t i ons  respectively. Two r o t a t i o n s ,  a; and p;, are def ined 
+ 3 
about t l r e  local  axes,  vli and v.. , t a n g e n t  t o  t h e  mid-surfice a t  each 
L 1 
node (i). The choice of these two local  axes i s  djscussed i n  Appendix B. 
We may r e l a t e  t h e  nodal displacements t o  the continuous displace- 
nlent representat ion i n  a manner analagous t o  equat ion  (I). 
1 U2 ' . "  '8 
where [DELTA" = 
v2  . : : : ] W1 W2 '8 




Coordi nate Transfornlati oils 
T'IP relation between t h e  curvilinear coordiriates ( c ,  11, C;) and t h e  
basic doordi nates (x,  y ,  z) i s  comt~~o~ily ca l l  ecl the Jacobi an, [J ]  , d e f i n e d  
as: 
Using equat ion (1) we can w r i t e  out these expressjons as: 
= [XCOORD] aW/a~ + f - [VJNORM] 2 (4  
-Z 
- - [V3NORMJ . 3 11 = 1 ;;;:: 1 ; 
where afi/a.g = c a ~ , / a <  B N ~ / ~  . . . aNN//E > T 
afi/31~ = c a ~ ~ / a r l  aN2/aq . . . aN8/aq > T 
The e x p l i c i t  forms o f  aNi/a[ and aNi/Bq are g i ven  i n  Appendix A. 
Pl~ysica l ly  the and $ vectors nlay be considered tangent t o  t h e  surface 
6 = constant ,  w l l i  l e  the ?I v e c t o r  i s  merely the i n t e r p a l a t e d  va lue  o f  tlre 
node normals and may n o t  be e x a c t l y  normal t o  t h a t  sur face a t  t h e  p o s i t i o n  
( E ,  11, 5 ) .  
Perhaps the m o s t  confusing point o f  the  c i t e d  references i s  t h e  use 
o f  s t i l l  anoether local coordinate system for def in i t ion  of the  stresses 
and s t r a i n s .  The need f u r  t h i s  addit ional  ( x '  , y' , z') system a r i s e s  
from t h e  def in i t ion  of the basic shell assumptions (par t icular ly  the  
neglect o f  the through- the-thickness d i r e c t  s t ra in ,  c z ,  z, 1, We wish t o  
define, a t  any point i n  the  element, a local ( z ' )  a x i s  which i s  normal 
t o  the surface p = constant alang w i t h  two other orthogonal axes ( x ' ,  
y ' )  which a r e  tangent t o  t h a t  surface. Since we t,ave previously deler- 
mined t h a t  : and % are tangents t o  the surface, we can determine a 
normal vector 3s: 
+ -? 
and v n = V n / [ q n  1 (8) 
The other t w o  u n i t  vectors defining the lacal axes ( and $t) are 
computed i n  a manner analagous t o  t h a t  given i n  Appendix B. Thus, x '  i s  
measured along t h e  G5 vector, y' i s  measured a long  t he  $t vector,  and z '  
i s  measured along the G n  vec tor .  We can def ine  the transformation [ O ]  
as: 
and {.I = P I  (.I) 
The Strain-Displacement Relation 
U s i n g  the newly developed local system and noting tha t  E,, , i s  
neglected, we write t h e  basic d e f i n j  t i o n :  
OIIIGINAL PAGE IS 
OF' POOR QUALITY 
We make use o f  equat ions (10) and ( 3 )  t o  develop the  relction 
Def ine  
Where [8]" i s  equal t o  [ O I T ,  s i n c e  [ O ]  i s  defined t o  he an orthonormal 
a a t r i x ,  Then [ g ]  w i l l  have t he  form: 
(15) 
A complete der iva i ion o f  t he  te rms  i n  [$] i s  g iven i n  Appendix C. 
Hotrever, [ J ] -  I i s  b e s t  e v a l u a t e d  numerical l y  a t  each integration p o i n t  
and cannot  be w r i t t e n  o u t  e x p l i c i t l y .  We combine equations (13))  (14), 
and (15)  w i t h  (12) t o  a r r i v e  a t :  
+ a/afl 0 0 1 
F i n a l l y  we use (11) a l o n g  w i t h  (2)  t o  s u b s t i t u t e  t h e  appropriate expres- 
s i o n  f o r  t h e  disp lacements  < u '  v '  w' > 
+ ;' = [ Q ]  N + [ Q j  [ e l T  [V lTAN]  [ALPHAT] d 5 
By carrying out t h e  indicated operations to  a1 low $he different ial  
operator [ Q ]  t o  appropriately interact  with 5 and N and by rearrangjng 
terms, we arrive a t  the relation: 
where d = < bl a2 . . . > T 
The expl ic i t  form o f  [ B ' ]  i s  shown i n  Appendix D. 
The Stress-Strain Re la t i on  
Again referring t o  the  p~~imed l o c ~ l  coordinates, the constitutive 
law i s :  
where 3 = c ox,,, cr TXjZt T Y I Z '  3 T y ' y l  T ~ l Y ~  
and (for  a homogeneous i solropic material ): 
l v  0 0 




Here k i s  used to  improve the shear representation. The displacement 
assumption causes the shear t o  be constant through the thickness, whereas 
the  proper distribution i s  closer t o  parabolic. The ratio o f  the s t ra in  
energies o f  the t w o  d i s t r i b u t i o n s  (parabolic/constant) i s  1 . 2  which i s  
substituted fo r  k. 
The Element S t i f f n e s s  Matrix (Subroutine KQUAD4) 
The standard virtual work arguments lead  to  the s t i f fness  comput.ation 
as follows: 
[K ]  = J [ B ' ] ~  [Dl] [ B J ]  dVol 
vo 7 
The usual volumetric measure i s  dx dy dz. Here the variables of integra- 
tion are E ,  q, and [. The conv~rsion o f  t h e  cartesian volume t o  the 
curvilinear volume i s  v i a  t h e  Jacobian. Thus, 
dVol = dx dy dz = d e t  [J ]  d( dq d[ (22) 
The i n t e g r a t i o n  -!s c a r r i e d  o u t  numer i ca l l y  u s i n g  two Gauss p o i n t s  i n  
each d i r e c t i o n .  Whi le capable o f  p r o p e r l y  i n t e g r a t i n g  t h e  e lement 's  
volume, t h i s  "reduced" i n t e g r a t i o n  i s  n o t  s u f f i c i e n t  t o  e x a c t l y  eva lua te  
t h e  complex p o l y n o n ~ i a l s  produced by equa t ion  (23). T h i s  i m p l i e s  t h a t ,  
w h i l e  u l t i m a t e  convergence i s  assured, t h e  behav io r  w i l l  n o t  be e i t h e r  
bounded o r  monotonic, However, severa l  au thors  ( r e f ,  4 and 9) have 
shown t h a t ,  by purposely  underes t imat ing  t h e  energy,  t h e  performance o f  
t h e  element i s  enhanced. By t a k i n g  [J]  and [ O ]  t o  be i n v a r i a n t  th rough  
t h e  th ickness ,  i t  i s  p o s s i b l e  t o  e x p l i c i t l y  c a r r y  o u t  t h e  i n t e g r a t i o n  i n  
. We choose n o t  t o  do so, however, i n  o rde r  t o  ensure complete gen- 
e r a l i t y  o f  t h e  f o r m u l a t i o n  f o r  both t h i n  and t h i c k  s h e l l  cases. 
S t ress  Recovery (Subrout ines SQUD41 and SQUD42) 
Once t h e  elements are assembled and t h e  system equat ions so lved f o r  
t h e  displacenrents, t he  user  needs t o  kn w t he  element s t r esses  as w e l l .  
Conibining equa t ions  (18) and (19) w i t h  ! now known, we ob ta i n ;  
= [o'] [B'J 8 (24) 
Reca l l  however t h a t ,  i n  genera l ,  [B'] i s  a f u n c t i o n  o f  the c u r v i l i n e a r  
3 
coord ina tes  ( c ,  q ,  c).  0' i s  t h e r e f o r e  a l s o  a  f u n c t i o n  o f  these  cocr- 
d ina tes ,  so we must choose which p o i n t s  we w i l l  use f o r  s t r e s s  evalua- 
t i o n .  Z t  i s  known t h a t  t h e  numerical  i n t e g r a t i o n  p o i n t s  a re  t h e  b e s t  
"sarnpl es" o f  t h e  o v e r a l l  e l  elllent s t r e s s  ii e l  d. U n f o r t u n a t e l y  t h e  va lues 
o f  p = k0.57735 do n o t  g i v e  t h e  maximum s t resses  th rough  t h e  t h i ckness  
if bending i s  p resen t *  We have coniprornised t o  s e l e c t  t h e  e i g h t  p o i n t s  
g iven  by = k0.57735; q = +0.57735, and 5 = 21.0 t o  a l l o w  e v a l u a t i o n  o f  
t h e  s t resses  a t  t h e  t op  and-bottom sur faces  o f  t h e  element (c. f .  diagram 
i n  Appendix A) .  Since t h e  va lues o f  o x ,  , , o , and r , * a r e  eva lua ted  Y Y '  X ' Y  
i n  the  ( X I  , y '  , z '  ) l o c a l  system, t h e  s t r e s s  d i r e c t i o n s  may n o t  be mean- 
i n g f u l  t o  t h e  user. Consequently, the  p r i n c i p a l  s t r esses  ( o ~ ,  02, and 
'max ) a re  a l s o  c a l c u l a t e d  and fo rm the  a d d i t i o n a l  p o r t i o n  o f  each l i n e  
c f  output .  
THE CONSISTENT MASS MATRIX (Subro i l t i  ne MCQUD4) 
For s i m p l i c i t y  we w i l l  n e g l e c t  t h e  r o t a t i o n a l  i n e r t i a s  assoc ia ted  
w i t h  t h e  a and f3 degrees o f  freedom. Th i s  assumption i s  p a r t i c u l a r l y  
XNot i ce  t h a t  -cx, and T ~ ,  Z l  a re  zero on t h e  t o p  and bot tom sur faces .  
appropr ia te  f o r  t h i n  and moderately t h i c k  she l l s .  It al lows us t o  
reference everyt l i ing t o  the  m i  d-surface ( I ;  = 0). I n  p a r t i c u l a r :  
[ M I  = J p [filT [I] dV01 
Vol 
Choosing p = cons tan t  and making use o f  t h e  above assumption ( i . e .  
1 
I I 
where (81 = l o  N1 0 0 N2 0 I . . . . ,  0 
I I 1 
L I I : -1 
I n  general p may be a1 lowed t o  vary q u a d r a t i c a l l y  over t h e  element i n  a 
manner s i m i l a r  t o  the  thickness. Th is  f ea tu re  i s  not requ i red  f o r  mos t  
cases of i n t e r e s t .  
Since [ = O on the midsurface, we must r e s o r t  to t h e  device of 
computi ng t h e  u n i t  area i n c u r v i  1 i near coordinates as (us i  ny equations 
(4) and (5)): 
where 1: x I (  !nay be i n t e r p r e t e d  as t h e  p r o j e c t i o n  on t h e  normal  vector  3 
vn o f  t h e  normal vec tor  associated w i t h  i n f i n i t e s i m a l  area, dx dy. 
Thus, 
1 1  
[MI = P I I t [ilT [I1 dE dq (27) 
-3. -1 
In t h i s  case the  f u l l  t h ree -po in t  Gauss i n t e g r a t i o n  must be used t o  
p roper ly  evaluate the  expression. 
THE CONSISTENT LOAD VECTOR (Subroutines PLOAD4 and PWORK) 
We d e r i v e  t he  expression f o r  a constant  pressure (p)  normal t o  t he  
mid-surface o f  t h e  element. As before ,  a quadrat ic  v a r i a t i o n  o f  t h e  
pressure would cause na inherent  d i f f i c u f  t i e s .  The development i s  
e n t i r e l y  analagous t o  t h a t  used f o r  t h e  cons is ten t  mass matr ix .  Thus, 
Again,  r;he th ree -po in t  Gauss r u l e  i s  used t o  eva lua te  t h e  expression. 
SPECIAL NAS1'RAN CONSIDERATIONS 
New Bu l k  Data Cards 
Three new Bu l k  Data cards have been added t o  NASTRAN i n  conjunctV;on 
w i t h  t h e  new element. They are:  
CQUAD4 - desc r i b i ng  t h e  element c o n n e c t i v i t y  
PLOAD4 - spec i fy ing  t h e  elements t o  which cons tan t  p ressure  (p)  
i s  app l i ed  a t  t h e  mid-sur face 
SHLNORM - i n p u t t i n g  t h e  d ~ r e c t i o n  v e c t o r  o f  t h e  normal t o  t h e  s h e l l  
sur face at. each g r i d  p o i n t .  
A  complete d e s c r i p t i o n  o f  each o f  these i tems is found i n  Appendix E. 
Module t o  Process She:' -.- Normals* 
A new module, GPNORM, has been coded whic1.t conver ts  t h e  " e x t e r n a l "  
g r i d  p o i n t  I D ' S  on a  SHLNORM card  t o  t h e  app rop r i a te  i n t e r n a l  S IL ' s .  
The module a l s o  t ransforms t h e  normal v e c t o r  i n t o  t h e  bas i c  coo rd ina te  
system f o r  t h e  problem and w r i t e s  t h e  r e su l t s  on t h e  o u t p u t  da ta  b l o c k  
SWLNRM. The DMAP calling sequence f o r  t h e  module i s :  
GPNORM must be added t o  t h e  DMAP r i g i d  f o r ~ n a t  imnlediately p r i o r  t o  t h e  
TA1 module. SHLNRM must be added as t h e  f i n a l  i n p u t  da ta  b l ock  o f  TA1. 
Augmented ECPT and EST Data Blocks* 
The make up o f  t h e  EST (and by analogy t h e  ECPT) f o r  t h e  CQUAD4 
elemenL f o l l a w s  t h e  s tandard format  f o r  t h e  f i r s t  43 words. 
Word Contents 
E l  enient I D  
M a t e r i a l  I D  
8 G r i d  P o i n t  S I L 1 s  
8 se ts  o f  G r i d  P o i n t  CSID's 
p l u s  bas i c  x, y, z coord ina tes  
Element Temperature 
*The i dea  t o  use GPNORM t o  process t h e  s h e l l  normals as we l l  as the 
technique f o r  augmenting t h e  ECPT and EST da ta  b locks  i s  c r e d i t e d  t o  
M i l e s  Hurw i tz  o f  NSRDC. 
The formulation of the element requires the  components of the shelf 
normals. These must be appended to the EST by subroutine TAlA. 
8 se ts  of x ,  y ,  z components of 
the shell normals in basic 
coordinates 
Subroutine TAlB performs a similar augmenting process for  the ECPT data 
block. 
VERIFICATION 
Consider the 1 imi t ing case of a square, simply supported f l a t  plate* 
subjected t o  two  load conditions, 1) a central load normal to  the plate 
and 2) a uniform normal pressure. Figure 2 indicates tha t  excellent 
convergence t o  the Timoshenko <ref .  10) resul t  can be obtained with a 
1 x 1 or a t  most a 2 x 2 grid. Note, however, that  the usual bound 
theorems are n o t  available with t h i s  particular element due to  the use 
of reduced integration. 
The next step in analytical complexity i s  . ,presented by the prob- 
lem portrayed in F i g u ~ e  3 ,  a pinched cyf inder with free ends.* Accord- 
ing t o  Timoshenko, the radial deflection a t  the point of application of 
the load, for the geometry given, should be -2.76 mm (-0.1087 in. ). 
Timoshenko's resul t  i s  based on an assumption of inextensional deforma- 
tion which neglects the middle surface s t rain of the shel l .  The CQUAD4 
element gives a s l ight ly  higher resu l t  of -2.89 mm (-0.1139 i n . )  f o r  a 
325 degree o f  freedom model o f  one-eighth o f  the cylinder. Cantin and 
Clough ( ref .  11) predict a deflection of -2.87 rnm (-0.1128 in.)  using a 
cylindrical shell element model w i t h  120fl degrees of freedom for  one- 
eighth o f  the cylinder. Therefore, the CQUAD4 element, although not 
monotonic in convergence, does give excellent results for  a rninjmum 
number of degrees of freedom. 
An example problem which has become a c lassic  for checking the 
response of shell-t.ype elements is shown in Figure 4. The example i s  a 
cylindrical shel 1 roof loaded by i t s  own weight.* The ends of the shell  
are supported by diaphragms and the sides are free.  I t  should be noted 
that two "exact" sol utions have been quoted by various researchers. 
These two  solutions may be a t t r ibuted to Scordelis and Lo (ref .  12)  and 
Cowper, Lindberg, and Olson (ref .  2). 
Scordelis and Lo based t he i r  calculations on  t h e  theory of Gibson 
(ref .  13) essentially using shallow shel 1 equations. Cowper, Lindberg, 
and Olson claimed tha t  the shallow shell approximations were not used 
consistently when part icular  loadings were considered. They expanded 
the trigonometric representation of the load variation up t o  second 
order within zach element by means o f  a Taylor Series. In addition 
*When proper symmetry conditions are applied, only 1/4 or 1/8 of the 
en t i re  structure need be modeled in each of these cases. 
Cowper, e t  a7.  performed the in tegra t ion of both t h e  s t i f f n e s s  and load 
matrices over the area o f  the  actual she l l  surface. Hence, the primary 
difference between the two "exactN = o l  Q L I U ~ S  i s  the wanner in  which the 
consistent  load niatrices a r e  fornlu?a tee .  1 he formulation of the  present 
elenrent follows more c lose ly  the -..e~./,ad 3-C Scordeljs and Lo and hence 
w i  11 be conipared t o  t h e i r  Iic3xact" sol trti 5 
Table  1 gives the computed d;splazenients based on the  g r i d s  defined 
i n  Figure 4. Note t h a t  excel lent  convet-gence i s  obtained. Figure 5 
coolpares the predictions af the CQUAD4 element with the  CQUADZ elenient 
as  we1 1 as s l i gh t l y  d i f f e r e n t  for~nulat~ions o f  the CQUAD4 element in  t h e  
MARC ( ref ,  14) and SUPERB ( r e f .  15) f i n i t e  elenlent programs. Based on 
the r e su l t s  indicated i n  Figure 5 the CQUAD4 element i s  judged t o  be the  
most accurate. 
To demonstrate the  app l icab i l i ty  of the  CqUAD4 element i n  ~ a d e l i n g  
dynamics problems, consider the rectangular  cant i lever  p l a t e  vibrat ion 
problem reported by Zienkiewicz ( r e f .  It) (see Figure 6) .  Compared i n  
Figure 6 a r e  t e s t  r e su l t s  by Plunkett ( r e f .  16)  and f i n i t e  elenient pre- 
dictions based on a non-conforming t r i ang l e  by Zienkiewicz and resul tl; 
from the CQUAD4 ealement, Note t ha t  even the  two element idea l i za t ion  
w i  Lh the CQUAD4 element gives excel lent  r e su l t s  f o r  the  f i r s t  four 
modes. 
POTENTIAL SOURCES OF ELEMENT DEGENERACY 
Three potenti a1 sources o f  el  enlent degeneracy were  invest igated.  
The f i r s t ,  non-rectangularity o f  the  mesh, i s  i l l u s t r a t e d  in Figure 7. 
One quar ter  of a simply supparted f l a t  p la te  subjected t o  uniform pres- 
sure was modeled as shown w i t h  angular "offse ts t '  o r  var ia t ions  in  the  
mesh rectangulari ty of up t o  30°. As indicated in Figure 7 by t he  
displacement prediction f o r  t h ?  center  of the p l a t e ,  var ia t ions  of up t o  
20° resul ted  i n  only 2% var ia t ion in  deflect;on compared t o  the  regular 
rectangular grid. The 30° variat ion resulted i n  a 7% difference.  I t  
would appear from t h e s e  r e su l t s  t h a t ,  f o r  most appl ica t ions ,  non- 
rectangulari ty will not have a s ign i f i can t  e f f e c t  on the resu l t s .  How- 
ever, ca re  should be taken t o  maintain small angle var ia t ions  o f  l e s s  
t h a n  30° a s  good pract ice .  
The second potential  source of degeneracy investigated was the  shell 
thinness r a t i o ,  t / R .  A pinched cylinder example was once again se lected 
and the t / R  r a t i o  varied from O + I  t o  0,0001 as shown i n  Figure 8. By 
examining the  product of t h e  radial  deflect ion a t  the  point o f  load 
applicat ion and the f lexural  r i g i d i t y  of the shel l  i t  i s  evident t h a t  no 
numerical i n s t ab i l i t y  e x i s t s  even f o r  very t h i n  shells. Not ice  t h a t  for 
thicker s h e l l s  ( e . g .  t / R  > 0.1)  Timoshenko's assumption of  th in  she l l  
behavior i s  increasingly viola ted and  some deviation of the  f i n i t e  
element r e su l t s  from the  c lass ica l  solut ion i s  obtained. 
The third potential source of element degeneracy to  be investigated 
was similar t o  the mesh non-rectangularity of the f l a t  plate problem. 
This example considers the  everrt o f  a misal ignrnent o f  the edges o f  the 
element w i t h  the directions of principal curvature i n  a shell idealiza- 
tion. Such a discretization may necessarily occur as a resul t  o f  com- 
plex intersect i  ons of several she1 1 el ements. The pinched cy 1 i nder 
problem discussed previously was chosen as a simple limiting case. A 
2 x 2 grid was selected for  one-eighth o f  t he  cylinder and symmetry 
conditions were enforced. The element edges i n  the c i  rcumferenti a1 
direction were allowed to  vary from the direction o f  curvature as shown 
in Figure 9. The authors found tha t  the  radia l  deflection a t  the p o i n t  
of load application was vir tual ly  unaffected f i r  the cases examined. 
I t  may be concluded tha t ,  based upon t h e  previously described 
investigations regardi ny element degeneracy which could possibly resul t  
from potential misuse, the CQUAD4 element appears t o  be exceptionally 
stable. Care should be used, however, in maintaining "relatively" 
rectangul ari element configurations. 
APPLICATIONS 
A t  l ea s t  two poLential sources o f  application for  the CQUAD4 ele- 
ment ex is t  in the offshore industry. Offshore d r i l l i ng  and production 
platforms are typically e i ther  a space frame of tubular members, commonly 
called a s teel  jacket structure,  or a reinforced, prestressed concrete 
structure,  commonly called a gravity structure.  The welded intet7sec- 
tions o f  tubular members i n  a s teel  jacket are called tubular j o i n t s  and 
represent sources of potential fatigue problems due t o  high s t ress  
concentrations, The CQUA04 element represents a s ignif icant  increase in 
computational accuracy compared t o  the CQUAD2 element for  conducting 
stress analyses o f  these tubular intersections. 
The reasons for the improved accuracy are two-fold. The curved 
surface of the CQUAD4 element i s  i t s  most obvious advantage. I t  was 
often necessary t o  use excessive CQUAD2 elements in otherwise coarse 
mesh regions of the jo in t  model just to  approximate the cylindrical 
geometry. An extremely important b u t  less obvious advantage of t h e  
CQlJAD4 element i s  i t s  higher-order representation o f  the displacements, 
s t rains ,  and s t resses ,  without having t o  expend any additional degrees 
o f  freedom. T h i s  advantage manifests i t s e l f  i n  the degree o f  mesh 
refinement required to  achieve a givsn level o f  accuracy. Whereas a 
FINE or EXTRA FINE mesh was requii*en to  achieve acceptable resul ts  using 
CqUAD2 elements (c . f .  reference 17j, a COARSE o r  MEDIUM mesh of CQUAD4 
elements i s  sufficient.  Such a typical mesh i s  shown in Figures 10 and 
11 for a T-Joint and a K-Joint respectively. The mesh was automatically 
generated using the TKJOINT program described in re.ference (17). That 
program has recently been recoded t o  allow generation of the appropriate 
SHLNORM bulk data cards a t  each substructure grid point. 
I t  should be pointed o u t  t h a t  the  CQUAD4 element, does n o t  specifi-  
cal l y  address tile problem a t  the intersectio.r 1 ine o f  the tubular mem- 
bers. Here the question i s  n o t  whether the local behavior i s  more 
closely approxin~ated by thin-slrell or thick-a i1ta11 theory, but how best 
t o  provide a tr-ansi t i  on t o  the three-dinrcnst r.l~:t I s t a t e  af  stress wflich 
e x i s t s  and how t o  include the weld geometry. Again the CQUAD4 element 
has an advantage over  t he  CQIJAD2 since i t  has beerr derived froni a 20- 
node hexahedr-on. If  a mesh o f  ttresa 20-node elenlent5 i s  designed for 
the locality o f  the  intersection, the  transit ional behavior between the 
CQUAD4 and the CIHEX2 should be sn~ooth due t-o r;ne conipatibil i t y  o f  t h e  
bas ic  interpolation functions. Unfortunately the trans!tion between the 
two elenle~it types \vi 11 s t i l l  require a rather complex se t  of M P C ' s  to be 
generated and th i s  problem has not been adequately addressed a t  the time 
o f  pub1 ication. 
The second soiirce o f  potential application regards t h ~  structural 
modeling of the relatively t h i c k  shell cylinders and panels which corn- 
prise  the base and towers o f  gravity structures (see Figure 123. Sec- 
t i o n  A-A in Figure 1 2  i l l u s t r a t e s  t h ~  shell  connections where the pres- 
en t  elenient c o i ~ l d  be used. The individual c e l l s  are on t h e  order of 
20 meters i n  diameter and fron~ 0.5 tnetars t o  1.0 meters t h i c k .  The 
CQUAD2 elenlent woiild be incapable of accurately modeling the structura? 
behavior associated w i  tl~ tlli s geometry, The CQUAD4 element provides the 
possibil i ty o f  coupling wit11 t he  CIHEX2 elenlent Lo perfsrnl global 
stress anal ysea of tlisse structures. 
APPENDIX A 
The biquadratic i n t e r p o l a t i o n  functions are we1 l -  known throughout 
the literature. They are repeated here along w1,th their d e r i v a t i v e  
f o rms  only f o r  the  sake o f  comyletaness. 
Integration 
Point E "I C 
Corner Nodes ( i  = 1, 2, 3 ,  4) 
i = $ (1 + eti) (1 + tlqi) teei -+ qrli - 1) 
aNi/aE = f ti (1 + qqi) (2EEi + qqj) 
Midside Nodes w i t h  Ei = 0 (i = 5, 7) 
- 1  2 
i - (1 - E (1 + qqi) 
aN,/aE = - E (1 + uqi) 
1 2 
aNi/at-j = - Q (1 - E 2 i 
Midside Nodes w i t h  qi = 0 (i = 6, 8) 
i = $(I. + er,)  (1 - $1 
APPENDIX 0 
3. 
A t  each node we are given the  vector  V3i which i s  normal t o  the  
midsurfaca a t  t h a t  point. With reference t o  the  bas ic  (x, y, z) coordinate 
A A 4 
system, l e t  = (1 0 0) and j = (0 1 0). Choose 3 = i x Vgi which 
3 + 1-i 
makes Vli perpendicular t o  V3? and t he  x axis. I f  V3i i s  parallel t o  
* 
-+ * -+ i, then choose Vli = j x V3i t o  remove the ambiguity. The t h i r d  vector  
3 
o f  t he  triad i s  then Ppi = Vgi x Vli. 
To compute the  coordinate system t rans format ion  ma t r i x ,  . . t  normal- 
; r e  t h e  components o f  each vec to r  by i t s  scalar l eng th  and form the s e t  
3 -5 
' I  ['li 2i  v~~ ] where 
+ 3 3. 
Vli = Vli/ IVli I e tc .  
APPENDIX C 
Equat ions (3 -6 )  define t h e  coniponents o f  the ~ a c o b i a n  as: 
The scl~elnatic forln of the i n v e r s e  rnay be writ ten as: 
Equations (7-9) define t h e  local trzr~sform [ O ]  as  
where ;,, was cunlputed as the  normal t o  tlie su r f ace  [ = canst  by t a k i n g  
x I /  1; x t 1 and ';5 as weal 1 as dt were d e f  i  !led t o  be perpendicular t o  
-+ 
v I t  i s  therefore  c l e a r  t h a t  ;s 2nd ';t will  1 ie in the same plane as 
-> n' 
s and t b u t  t h a t  2n may n o t  in general be cons idered para l l e l  t o  ;. 
T Consider the computation o i  [$I] = [ O ]  [J"] 
- 
de t  [J] 
( 1 x 6 )  ) G T  ( : X I )  
n n 
-> Now we know t h a t  (: x 1) = Qn = 1 . v n  . Therefore, s ince the dot 
product of  perpendicular vectors i s  ze ro ,  we have ;ST (2 x t) 5 0. 
This completes the  derivation of  [$I. Notice t h a t  t h e  tenns $31 and 
+ ,;2 are n o t  s e t  t o  zero as was done i r  reference (4). The only t i m e  
t h a t  t h e s e  terms would be zero i s  when tlie vector i s  exactly ncrmal t o  
t h e  surface a t  t h e  p o i n t  (t ,  q ,  5 ) .  This  event will  o n l y  occur i n  t h e  
casd of  Flai: plates.  Tlie consequence o f  neg lec t ing  these  two  terms i s  
t o  in.troduce arz imba1ar;ce in t . h ~  nioment e q u i l i b r i u m  o f  t h e  s h e l l  ( c . f .  
ref. 18). 
We choose to divide the [B '  ] mat r i x  into the following nodal 
par t i t ions :  
We shall w r i t e  o u t  the expression htr a typical partition [ B i ]  by 
rearranging appropriate terms from equation (17): 
ti ~ : i  
[QI N~ [ e l T  + ["I N~ i tT [el (D-2) 
Define gli = a ~ ~ / a e  + (12 abii/aq 
and [Hi] = 
F i n a l l y ,  
APPENDIX E 
BULK DATA DECK 
Inpu t  Data Card CQUAD4 Quadri l a t e r a l  Element Connection 
Descript ion: Def i nes a homogeneous quadri 1 a t e ra l  membrane and bending 
element (QUAD41 o f  the s t ruc tu ra l  model. 
Format and Example: 
3. 2 3 4 5 6 7 8 9 10 
F i e l d  Contents 
€10 Element i d e n t i f i c a t i o n  number ( In teger  > 0) 
G6 
22 
MID I d e n t i f i c a t i o n  number o f  a MAT1 mater ia l  card (Defaul t  i s  












Gl,G2,G3,G4 Gr id  p o i n t  i d e n t i f i c a t i o n  numbers o f  connection po in ts  
G5,G6,<7,G8 ( In teger  3 0; G1 # G 2  # G3 # G4 # 65 # G6 # G 7  # G8) 
TH Materf a1 property o r i  enta t ian angle i 0 degrees (Real ) 



















1. Element i d e n t i f i c a t i o n  numbers must be un ique w i t h  r espec t  t o  a 
other element i d e n t i f i c a t i o n  numbers. 
2 .  Grid p o i n t s  G1 through G4 a r e  corner nodes and must be ordered 
consecu t i ve l y  around t h e  pe r ime te r  o f  t h e  element i n  a counter 
c l ockw i se  d i r e c t i o n .  G5 th rough  G8 are mids ide  nodes and must have 
s i m i  1 a r  o r d e r i n g  where: 
G5 l i e s  between G1 and G2 
G6 l i e s  between G2 and G3 
G7 l i e s  between G3 and G4 
G8 l i e s  between G4 and GI 
3.  The continuat ion card must be present. 
BULK DATA DECK 
I n p u t  Data Card PL0AD4 Pressure Load 
Desc r i p t i on :  Def ines a u n i f o r m  s t a t i c  p ressure  load a p p l i e d  t o  two- 
d imensional  elements. Only QUAD4 elements may have a pressure l o a d  
a p p l i e d  t o  them v i a  t h i s  card.  
Format and Example: -
1 2 3 4 5 6 7 13 9 10 




F i e l d  Contents 
SID Load set  i d w ~ t i f i c a t i o n  number ( I n t e g e r  > 0) 
SID 
21 
Pressure va lue  (Real) ,  p o s i t i v e  p ressure  va lue i n d i c a t e s  




EIDl Element i d e n t i f i c a t i o n  nuntber ( f  n teger  > 0; EIDl < E I D Z )  
€ID2 
P 
- 3 . 6  
S I D  
1 
Remarks : 
I. E I D  must be 0 o r  b l ank  f o r  o ~ n i t t e d  e n t r y s .  




2 .  Load s e t s  must be s e l e c t e d  i n  the Case Cont ro l  Deck (L@AD=SID) t o  
be used by NASTRAN. 
EID 




4. If { he a l te rna te  f o r m  i s  used, a l l  elements i n  t h e  range EIDl 






E I D  
16 
EID E I D  
2 
EID 
5, The "work equiva lent"  load vector i s  computed for each element 
using t h e  r e l a t i o n  
1 1  f = P 5 J [ilT ]T: d e t  [J] dE dq 
-1 -1 n 
6. A1 1 e l e n ~ e n t s  referenced must e x i s t .  
BULK DATA DECK 
I n p u t  Ddta Card SHLNORM Shell Normal 
Description: Defines the d i r e c t i o n  o f  a normal t o  the shell o f  the 
s t r u c t u r a l  model. 
Format and Example: 






ID G r i d  p o i n t  i d e n t i f i c a t i o n  number (0 < I n teger  < 999999) 





I d e n t i f i c a t i o n  number of coordinate  system i n  which  the 
s h e l l  qormal i s  defined (Integer 0 o r  blank ). 
X l , X 2 , X 3  Components o f  the shell normal i n  coordinate system CP 
(Real ). 
X I  
1 . 0  
Remarks: 
I. All  g r i d  p o i n t  i d e n t i f i c a t i o n  numbers must be unique with respect 
t o  - a l l  o ther  s t ructural ,  s c a l a r ,  and f l u i d  p o i n t s .  
X2 
2.0 
2. The meaning o f  X I ,  X2 and X3 depend on the  type o f  coordinate 




ryl i nd r i ca l  O(degrees) 
Spherical R 
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TABLE I ,  DCSPWCEMEMT CONVERGENCE FOR CYLINDRICAL SHELL ROOF 
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l x ?  
2 x 2  
3 x 3  












FIGURE 1. ELEMENT GEOMETRY AND LOCAL COORDINATE SYSTEMS 
FIGURE 2. CONVERGENCE STUDY FOR SllMPhY-SUPB3RTED FLAT PLATE 
I 
b v = 0.3 
I a = b = 254 mrr~ (10 in.) 
I t = 2.54 mrn (0.1 in.) 
t 
- 
P = 178.4 N (40 Ib.1, 6.94 K N / ~ '  (1.0 psi) 
GRID 
1 x 1  
2 x 2 
3 x 3  
4 x 4  
TIMDSHENKO 
VERTtCAL DEFLECTION AT CENTER 















-5.062 x 1 0 ' ~  
-5.054 x lo-' 
-5.095 x 70'~ 
-5.098 x loe2 
-5.068 x lob2 
~n. 





-4.483 x ID'* 
- 4-44 x 7 0" 
FIGURE 3. CONVERGENCE STUDY FOR PINCHED CYLINDER PROBLEM 
E = 72.9 ~~lrnrn*. (10 5 x lo6 psi) 
v = 0.3125 
R = 125.8 mrn i4.953 in.) 
L = 262.8 min (10.35 in.] 
t = 2.39 mm (0,094 in.] 
P = 445.9 N (100 ib.) 
GRjD 
1 x 1  
2 x 2  
3 x 3  



















-0.991 x lo-' 
-1.084 x lo-' 
-1.127 x 10" 
-1.139 x 10-' 
-7.087 x 10" 
FIGURE 4. MESH 6084FIGURATlOMS FOR CYLIPaDRIGAt SHELL HOOF 
DIAPHRAGM 
E = 20.8 ~ ~ / r n r n ~  (3.0 x l o 6  psi! 
v = 0.0 
t = 7.62 cm 13.0 in.) 
SHELL WEIGHT = 4.34 ~ ~ l r n '  
FIGURE 5, ELEMENT COWERGENCE COMPARISON 





AT CENTER OF 
FREE EDGE 
I /' A MARCiAHMAD ELEMENT 
5.0 1 d SUPERB/AHMAD ELEMENT [REF. 15) 
r - EXACT (REF* 72) 
TOTAL DEGREES OF FREEDOM 
FOR X MODEL 
FIGURE 6. FREE VIBRAf IOM OF A CANTSILWER PLATE 
E = 208.3 ~ ~ f r n n t ?  (3.0 x lo7 psi1 
Y = 0.3 
e = 7.85 t/m3 (0.283 lbfin3) 
h = 50.8 min (20 in.) 
b = 25.4 mrn (7.0 in.) 
r = 2.54 mm (0.1 in.) 
EXPERIMENTAL NON-CONF ORMllrlG TRIANGLE 
(PLUNKETTI ZlEN KlEWlCZ CQUAD4 ELEMENT 
















































FIGURE 7. DEGENERACY RESULTICYG FROM PION-RECTANGULARITY 
E = 69.4 ~l \ i / rnrn~ (1.0 x lo7 psi) 
v = 0.3 
a = b = 254 mm (10 in.) 
t = 2.54 mm (0.1 in.) 
















-4.498 x TO-' 
-4.506~10' 1 
-4.403 x lo-' 
-4.169 x 10-2 
-4.44 x 10'~ 
FIGURE 8. DEGENERACY DIJE TO THINNESS RATIg 
+ ' 
E = 69.4 ~ ~ / r n r n '  t3.0 x lo7 psi) 
v = 0.3 
R = 25.4 crn (20.0 in.) 
d P L = 50.8 cm (20.0 in-) I 1 
FIGURE 9. DEGENERACY E;JE TO MISALIGNMENT 
WITH DIRECTIONS O f  PRllYClPAL CURVATURE 
L 
*NOTE USE OF DEVELOPED SURFACE COORDINATES 
FIGURE 10. SUBSTRUCTURE MESHES FOR TYPICAL T-JOINT 
CHORD 
NOTE USE OF CIVELOPED SURFACE COORDINATES 
FIGURE 11. SUBSTRUCTURE MESHES FOR TYPICAL KJOlnrY 
FIGURE 12. TYPICAL CONCRETE GRAVITY STRUCTURE 
SECTION A-A 
